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1 Abstract 



The Bargmann-Wigner formalism is adapted to spherical surfaces embedded in three to 
eleven dimensions. This is demonstrated to generate wave equations in spherical space for 
a variety of antisymmetric tensor fields. Some of these equations are gauge invariant for 
particular values of parameters characterizing them. For spheres embedded in three, four 
and five dimensions, this gauge invariance can be generalized so as to become non-Abelian. 
This non-Abelian gauge invariance is shown to be a property of second order models for two 
index antisymmetric tensor fields in any number of dimensions. The 0(3) model is quantized 
and the two point function shown to vanish at one loop order. 



2 Introduction 

The Bargmann-Wigner (BW) equations [1,2] are a means of generating wave equations for 
higher spin fields. For spin s, a totaly symmetric 2s component spinor ip aia2 ... a2s is taken to 
satisfy the 2s equations 

(ry • d + m) a; p V/fcw-aa. = . . . (ry • 9 + m) aaa pip aiaa ...p = 0. (1) 

(We work in Euclidean space with 7- matrix conventions given in the appendix.) 

Before adapting this procedure to spherical space, we will demonstrate how eq. (1) can 
be used in the case s = 1 to generate the Maxwell equations. By eqs. (A. 15) and (A. 16), we 
see that 

ip a p(x) = mA a (x) (7a75C 5 ) Q!( g - *F ab (x) {Y, ab C b ) afj . (2) 
Eqs. (A7-A10) show that together eqs. (1) and (2) lead to 



im d a A b (5 ab + 2iS a6 ) + m 2 {A a ^ a ) 



^d a F bc (5 ab 7 c - 5 ac j b - e abcd -f d -f 5 ) + mF ab L ab 



0. 

(3) 

We have set *F ab = \t abcd F cd so that * {*F ab ) = F ab and *S a5 = -S a5 7 5 . By eq. (3) we 
recover the standard Proca equations 

d a F ab + m 2 A b = (4) 



F ab = d a A b - d b A a (5) 

d-A = (6) 

d a *F ab = 0. (7) 

For the particular value m 2 = 0, eqs. (4) and (5) become the free field Maxwell equations; 
they possess the gauge invariance 

A a A a + d a 9. (8) 

Eq. (6) is not gauge invariant; it corresponds to a gauge fixing condition. 
The form of Dirac equation on a spherical surface is [3-4] 

{^ ab L ab + 0^ = 0. (9) 

This suggests that we consider the following generalization of eq. (1) for a wave function 
i>ai...a2 s that is symmetric in all its subscripts, 

(Z ab L ab + £) Qj/3 ^/3a 2 ...a 2s = (10) 



We show below that for the case s — 1, ensuring symmetry in (a, f3) for the bispinor wave 
function ip a p results in a set of wave equations for wave functions that are antisymmetric in 
spatial indices. Subsequently this is shown explicitly in n dimensional spherical spaces S n for 
n = 2,3, 4, 5, 6, 7, 8, 10. In a number of these spaces, the equations possess an Abelian gauge 
invariance for particular values of the parameter £ in eq. (10). This gauge invariance can 
be generalized so as to become non- Abelian when the wave function is antisymmetric in two 
spatial indices. Actions that possess this non-Abelian gauge invariance can be formulated. 
Finally a model on S2 is quantized and it is shown that at one loop order in this model the 
two point function vanishes. Quantization of an S3 model is briefly discussed. 



Wave functions that are antisymmetric in their spatial indices naturally arise in string 
theories [5]. This is what motivated us to consider their properties on spherical surfaces S n . 
Using isometry generators on S n defined in terms of n coordinates of the (n + 1) dimensional 
embedding space makes it possible to formulate gauge invariant versions of these models. 

Other discussions of gauge fields on spaces of constant curvature have appeared in the 
literature [6]. 



The equation for a BW wave function i]) a p on S 2 can be reduced from the form of eq. (10) 



3 Bargmann-Wigner Equations on S 1 



n 



3.1 S 2 



to simply 




(11) 



upon setting 




(12) 



(The Dirac equation (t ■ L + £j ^ipp arose on S 2 in ref [7].) 
If Lij = eijkLk, Sjj = |ejjfcTfc, then eq. (11) can be written as 



(13) 



which is of the form of eq. (10). 
By eq. (A. 12), we see that 



a/3 ! 



(14) 



together eqs. (11) and (14) lead to 



ie ijk Lj(j) k + = 



(15) 



Li<pi = 0. 



(16) 



Provided 

£ = 1, (17) 
eq. (15) is invariant under the transformation 

fa + iLip. (18) 

If = €ijk(fik, then eqs. (15), (16) and (18) become 

i (L pi (p pj - L pj (p pi ) + Zfcj = (19) 

Lijfaj = (20) 

and 

<t>ij -»• faj + iLyp (21) 

respectively. 

An action which gives rise to the equation of motion of eq. (15) (with eq. (17) holding) 

is 

S = J dVt$- (it x + 0) . (22) 
A non-Abelian generalization of eq. (22) is 

S = JdQ ft (it xf + a ) + i e afec a -^xf . (23) 
This is invariant under the infinitesmal 5*0(3) transformation 

<t>1 -> C + iLi/3 a + e abc <p\p c . (24) 
It is also possible to define a "field strength" 



ft = ieakLjft + + ^e^t; (25) 



under the gauge transformation of eq. (24), we find that 

ft _> ft + e^ftpc (26) 

Consequently, the action 

S = kf cMftft (27) 
possesses non-Abelian gauge invariance. 



3.2 S 3 

The form of a symmetric wave function ip a p in a four dimensional embedding space is, by 
eqs. (A. 15) and (A. 16) 

4>a/3 = Vi {lil5C 5 ) af3 ~ *(f>ij (EijC 5 ) aj3 (^(pij = ^€i jk t(j>kej ■ (28) 

The BW eq. (10) now leads to 

i {L ki (p kj - L kj (f) ki ) + {fa = (29) 

£ijkeLij4> k e = (30) 

Lijfaj = (31) 

iL w y fc + ^i = (32) 

eijke.Lj k Ve = 0. (33) 

The fields ^ and Vi decouple on S3, unlike the fields A a and F ab in eqs. (4-7). Eqs. (29) 
and (30) are invariant under the gauge transformation 

4>ij -> 4>ij + if-,/' (34) 

provided 

e = 2. (35) 

An action consistent with the gauge invariance of eq. (24) is 

S = J dQ [(pij (iL ki (fi kj + (fiij) + XeijktLijfae] . (36) 

The equation of motion associated with the field A is eq. (30); however the equation of 
motion associated with 0^- now becomes 

i {Lki<t>kj — L k j(j) ki ) + 2(pij = €ijkeL ke X (37) 

in place of eq. (19). Only if A = and £ = 2 do eqs. (29) and (37) coincide. 



The gauge invariance of eq. (34) can be generalized to an infinitesimal SO (3) non-abelian 
gauge invariance 

- 4>% + + e ab %9 c - (38) 

S = J cM (iL^ + + \^ c m) k 4>li + A°ey W Ly^] (39) 
is invariant under the transformation of eq. (38) provided 

A a -> A a + e abc A^ c . (40) 

As in eq. (27), the "Lagrange multiplies'" field A a enters into the equation of motion for the 
field 

In D dimensions (ie, on the sphere Sd-i) the "field strength" 

% = i (L ki <t> a kj - Lvfa) + (D - 2)0* (41) 

+\t abc {<t>U c kj - <t> b kj <t>l) 

is covariant under the gauge transformation of eq. (38), 

ftj - n 3 + t abc & c , (42) 

as by eq. (A5) 

[L ki ,L kj ]=i(D-2)L ij . (43) 

Consequently, the action 

S = kJ dSlftf* (44) 

possesses the gauge invariance of eq. (38). The last term in eq. (39) could also be incorpo- 
rated into eq. (44). 

On S3, if the equation of motion that follows from this gauge invariant action is satisfied 
i (h k% r k3 - Lvfe) + 2f° + e abc (cf> b ki f c kj - J> b kj f c ki ) = (45) 

it follows that 

i (L k a a k3 - W&) + 75 + *** (<p b k *f kJ - <Pl;f kt ) = o. (46) 



This is a consequence of the identities 



TAj) = A 



ij 



and 



(Aki Bkj Akj Bki) — AkiBkj AkjBki 
provided Aij = —Aji and Bij = —B^. 



(47) 



(48) 



3.3 5*4 

By eq. (A17), the only contribution to the BW wave function on S4 is 

Upon using eqs. (A4) and (A6), eqs. (10) and (49) together lead to 

% (L ki (f) kj - L kj (j) ki ) + £(f> i:j = 

ZijkimLj k 4>f.m = 
LijCpij = . 

Eqs. (50) and (51) are invariant under the gauge transformation 

4>ij — > 4>ij + iUjO 

if 

This gauge symmetry is present in the action 



>ij \ iLkifaj + T)°'J ) + •\'«' //■/»• /-;/■•' 'hi 



(49) 



(50) 

(51) 
(52) 

(53) 
(54) 

(55) 



In addition, there is a vector gauge invariance which is identical to that of vector fields 
in ref. [4] 

Xi — > Xi + irjjLijUj. (56) 



Again, the equation of motion for 0^ generates not just eq. (50) but also an extra term 
dependent on the Lagrange multiplier field Xj. 

An immediate generalization so that the infinitesimal SU(2) non-Abelian gauge invari- 
ance of eq. (38) is present on S4 is 



s = J dn 



(57) 



3 

provided that now 

X? -> Xf + e ahc X\Q c . (58) 

Again, eqs. (41) and (44) can be used with D = 5 to generate an action with non-Abelian 
gauge invariance on S4. 

3.4 S 5 

By eqs. (A. 21 - A. 24), the form of a BW wave function on S 5 is 

^p a /3 = v(C 7 ) a p + <Pij (gijg 7 C 7 ) a p + r ijk (gijkC 7 ) al3 ■ (59) 
Writing the BW equation on S 5 in the form 

(—gijLij + n ^ 7 = 0, (60) 

V 2. / a /3 

it follows from eqs. (59) and (60) (using eqs. (A. 26) and (A. 27) that 

& = (61) 

Lijfaj = (62) 
LijTijk = (63) 

£ijk£mnLjkT£ mn = (64) 
1 

+ -^ijMmnLk^mn = (65) 



i {L ki <f) kj - L kj <j) ki ) + £(j> i:j = (66) 

i (LaTejk + LijT iki + L ek r Hj ) + {r ijk = 0. (67) 

If £ 7^ 0, then by eq. (61), a = in which case 0y and r^k decouple. The equations for 
<f>ij are of exactly the same form as eqs. (50-51) on S4 and hence can be treated in exactly 
the same way with gauge invariance occuring if £ = 4. Eqs. (64) and (67) for the field 
possess the gauge invariance 

Tijk — > Tijk + Lijp k + Lj k pi + L ki pj (68) 

provided again £ = 4 and pi satisfies the equation 

Lupi - lipi = 0. (69) 

(This equation is akin to the gauge fixing condition used in ref. [3].) It does not appear to 
be feasable to devise a non-Abelian generalization of eq. (68). 

3.5 5*6 

On Sq, by eqs. (A. 21) and (A. 23), the only contributions to the BW wave function are 

tp al 3 = a(C 7 ) a/3 + r ijk (gijkC 7 ) a/3 (70) 
so that using (A. 25) in conjunction with the S 6 analogue of eq. (60) 

= (71) 
LijT ijk = (72) 

i 

LijCT -\- ~€ij k £mnpL k jT mn p (73) 

i {LuTtjk + LijTiki + LikTuj) + {.Tijk = 0. (74) 

These equations can be analyzed in much the same way as eqs. (63, 64, 67) for r^k on S 5 
were treated in the previous subsection. 



3.6 S$ 

We will now consider the BW equation on S 8 (The S 7 case is quite similar.). On S 8 , eq. 
(A. 30 - A. 32) imply that the wave function ip a p has the form 

4> a p = o-(C 9 ) a/3 + Vi (TiC 9 ) aj3 + Clijke (T ijkE C g ) a/3 . (75) 

Eqs. (A. 33, A. 34) now can be used to show that the BW equation of the form eq. (60) on 
S 8 leads to 

= (76) 

iLijVi + £Vj = (77) 

LijU — 12L k (Q,ij k e = (78) 

\LijV k -\- Lj k Vi -\- LfciVj) -\- ~^LmrS^pqrs^mnpqrsijk (79) 

i (L m iQ m j k £ + L rn jVt m km + L mk fl m £ij + L m iQ m ij k ) + ^flijke = . (80) 

It is apparent that even when eq. (76) is satisfied by taking a — 0, the fields Vi and Qijke 
are coupled, making gauge invariance problematic. 

3.7 Sio 

Finally, we consider a model on Si . On account of eq. (A. 37), the BW wave function on 
S'io has the form 

V'a/J — Vi (GiCii) a/3 + (fiij (GijCii) a p + h-ijktm {Gijkt m C\l) a p ■ (81) 

By using eqs. (A. 38 - A. 40) in conjunction with the Bargmann-Wigner equation for ip a p in 
eq. (81), we find that 

Lijfaj = (82) 
il-.y, ■ O'j (83) 
i {L k i4>kj - L kj <f>ki) + i<pij = (84) 



2 (LijVk + Lj k Vi + L ki Vj) — 20L mn A mni j k — (85) 

i 

(Lij<f>ke — Lkj4>u + Lki4>jt + L k e(j)ij — L^(j) k j + Lj^<p k i) + -^L mn A pqrs e mnpqrs ijke = (86) 

i (LpiA.pj k g m -\- LpjA.p k £ m i -\- Lp k A.pg m ij -\- LpgAp m ij k -\- LpmApijki) ~\~ £,Aij k g m 0. (87) 

The fields Vi, (pij and A^kem are coupled in eqs. (82-87) in a way that appears to be 
inconsistent with gauge invariance. 



4 Quantization of a model on 5 2 

We consider now the quantization of the action of eq. (23). We supplement this with the 
gauge fixing condition 

L gf = a^UL^. (88) 

which is in part motivated by eq. (16). Associated with this, a Faddeev- Popov ghost field 
must also be introduced as the gauge transformation of eq. (37) is non-Abelian, 

C FP = c a (Z 2 5 ab - ie apb L • P ) c b . (89) 

The identity 

(% 1 + a \ 
-=r-£jnkL n H T^vT-^i-^fe = (90) 
L l a(Ly ) 

permits one to derive a propagator for the field 0". 

Rather than using Feynman diagrams to compute radiative corrections to the model 

— * 

of eq. (33), we use the approach of ref. [8]. This entails splitting <p a into the sum of a 
background piece (also called <p a ) and a quantum piece; we are led to the one-loop effective 
action 

= In [der 1 ' 2 [(ie imj L m + 5 l3 + uUL 3 ) 5 ab + e apb e imj ^\ det (Z 2 5 ab - tt apb L • P ) } . 

(91) 



In order to recast eq. (91) into a form in which calculations are feasable, we add on 
\ndet~ l l 2 {iti n jL n ) 1 . Since 



— »2 

itimjLm [iej n kL n + 5jk + aLjLk} = 5ikL — (LkLi + aLiLk) — ie^iiLi 
we see that in the gauge a = — 1 this converts in (91) to 



(92) 



= In {der 1/2 [Z 2 5 tj 5 ab + ie apb (l^ - <%L • det [L 2 5 ab - ie apb L • P ] } . (93) 



Using "proper time" ' [9] to express , we have 

r°°dt f 1 



(94) 



where and H g h are the arguments of the two determinants in eq. (94) respectively. To 
obtain the contribution of the two-point function to we expand eq. (94) to second order 
in 4> a using the Schwinger expansion [8-9] 



tre-iHo+H^t = tr (-H t + (_A e -H t Hi 



(95) 



+ Lj£ [ 1 due-^ Hot H 1 e- uHot H 1 + ...\ . 
2 Jo J 

Taking H to be L 2 in both and H gh , eq. (94) gives rise to a contribution to that is 

— * 

bilinear in <p a 

r°° dt {-t) 2 /-i 



-5 l3 L ■ $ p )) e- uLH (ie b « a (l^ - 5 Jt L • a )) 
- (-ie apb L ■ P ) e~ utH (-ie bqa L ■ 9 ) } 



which simplifies to 



= I" dtt f 1 du e-^ L ' h tr \- UL^) e -^ lH 
Jo Jo 1 2 L 



(96) 



(97) 



1 This piece is not gauge invariant, so employing operator rcgularization [8] is not appropriate. 



e 



,2A -(l-«)L 2 t 



It is immediately evident that if the external field <f>f has vanishing angular momentum 
(so that Li, (ffj = 0) then eq. (97) gives = so that the two-point function vanishes. 
In general though, the functional traces in eq. (97) can be computed using a basis of angular 
momentum eigenstates [8,10]. We have, for example 

tr (e-^-^L^e-^Ljtf) = E£ Ki=-i ££=o Kn>=-i e -^-W^)M { e + i)]t (9g) 

< £, m \Li$\ £', rri >< £', rri \Lj<j^\ £, m > . 
Using the conventions of ref. [11], 

< £, m \Li$\ £', rri >=< £, m 



rri > 



£+l)-m(m-l) < £,m-l\<f) p _\£',m' > 
+ y/e(e+l)-m(m+l) <£,m+l \<f + \£\m' > +m < £ , m \<p p 3 \ £ , m > 



If now 



with 



< £, m \<f) P \ £', rri >= J drj <£,m \rj >< r] |0f | r] >< rj\ £', rri > 



<£,m\r) >= Yi tTn (ri) 

being a spherical harmonic and 

then eq. (100) reduces to 

= J d^f^YeMYkM [(-lr'Ye^ir,) 
which, using a standard formula [11], reduces to 

"(2£+ l)(2f + l)(2k + 1) 



47T 



" 1/2 


ft 


£' 


:) 


( 1 


£' k\ 




I 







^ m 


—rri n J 



(99) 



(100) 



(101) 



(102) 



(103) 



(104) 



Together, eqs. (98), (99) and (104) reduce eq. (97) to 



(2) -U°°dtt / 1 4s < , m s fy s Me -[( 1 -* 1 ) +rf ( ?+1 » 

2 Jo Jo 



(2£ + l)(2£' + l)(2fc + l)\ / t i' k 





47T 



+ 



, + l)-m(m-l)if;(-ir ; 

1 to — 1 —to n 



£ £' k 



ly/e(e + i)-m(m + i)fi£(-ir' 1 

1 \ m + 1 



-to n 



ye'(£> + l)-m'(m'-l)f P k '-(-l) 



, ( £ £' k 
m —to' n 

( £' Ik 
to' — 1 — m n 



+ye'(e' + i)-m>(m' + i)fi£(-iy 



£' £ k 
to' + 1 — m n ^ 



+ 



i^+l)-m'(m'-l)/^(-l) m '" : 



f 








^ to' 


— to 


n J 





\ 



+1^' + 1) - to'(to' + l)^-(-l) m ' +1 



£ f k 

m —to' +1 n ^ 

£ £' k 

to —to' — 1 n 



+™vK(-ir 
^+i)- ro ( ro -i)^(-i)»-i 



£ £' k 
to —to' n 

^ to' — to +1 n 



+ y^+l)-m(m + l)f P k ~(-l) m+1 e 



£' k 
-m — 1 n 



+m /£; 



(105) 



£' £ k 
m! — m n 

If one orients the axes so that /f 'jf = 0, then the remaining contribution to eq. (105) 
proportional to /f^ clearly vanishes due to a cancellation between the two functional deter- 
minants occurring in eq. (93). Thus in the Feynman-like gauge a — 1 there are no radiative 
corrections at one- loop order to the two-point function for the model of eq. (23). 

We can also consider quantization of the S 2 model of eq. (27). If we again use the gauge 
fixing of eq. (88), then the bilinear term in the effective Lagrangian is 

L (2) = <\>1 (l% + ie ipj L p + 5ij - (1 - a)LiLj) <\>). (106) 

In this case, the propagator for the field 0? can be deduced from the identity 

[pbij + ie ipj L p - (1 - a)LiL^j (jj^jk ~ ^j q kL q (107) 

+^ (-« + ^) L 3 L k ) = 5 lk . 

Radiative corrections can now be computed, provided the Faddeev-Popov contribution of 
eq. (89) is included. 

To illustrate how one could deal with models on S n (n > 2), let us consider the action of 
eq. (36) on S3. We employ a gauge fixing Lagrangian 



J gf — 9ip 



<Pe P - 



'1081 



Although this gauge fixing Lagrangian is not a perfect square, it is consistent with the 
condition that 



Li p (f)pj — 0. 



(109) 



It resembles the gauge fixing Lagrangian employed in ref. [3] for a model of a vector gauge 
field on £4. 



It is convenient to supplement L in eq. (26) with an extra term 2A 2 . If we do this, then 
it follows that 



where 



and 



and 



— | (8jiLik . . .) + Sij t k£ —^€ijp q L. 



L + L 9f = 



J V1 



+ | {SjkLpiLpk . . .) 
— ^LijLki 



( 4>u ^ 
\ x > 



SjeLik ■ ■ ■ = SjeLik — S^Lj^ + SikLj£ — SjkLi 



SjeLpiLpk . . . = SjiLpiLpk — 5nLpjLpk + SikL p jL p £ — SjkL p iL P £ 



Using the identity 



(110) 



(111) 



(112) 



(113) 



^ijpq^mnrsLpqL rs 5ijfefLpqLpq {5i m LpjLp n . . .) + LijL rnn -\- % {5i m Lj n . . .) (114) 

it can be shown that the inverse of the matrix M appearing in eq. (110) is 



M- = - 



J ij,mn 



■if T 

^mnpq^pq 



If T 

^ijpq^pq 



(115) 



where D — (1 + L 2 /2) \ Eq. (115) essentially provides the propagators for the gauge model 
on S4 appearing in eq. (26), allowing for a perturbative computation of radiative effects. 
Presumably other models on S n (n > 3) can be treated in a similar fashion. 



5 Discussion 

We have formulated models involving antisymmetric tensor fields on spherical spaces S n , 
some of which have a non-Abelian generalization. Many open questions deserve attention. 



We have taken the radius R of our spherical space to be 1; the locally flat limit R — > oo 
should be investigated. It is possible to investigage BW wave functions with more than two 
spinor indices. Extensions to other spaces of constant curvature (such as (anti-) de Sitter 
space) would be of interest. The general structure of radiative corrections (renormalization, 
BRST identities etc.) merit consideration. If is a gauge field, then it is possible to 
couple it to a matter field by replacing L^- by Lij5 ab + e apb 0^- in the Lagrangian for the 
matter field. Supersymetric extensions may be possible. It is not clear if these models have 
phenomenological implications. 
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7 Appendix 

The usual Pauli matrices r, satisfy 

nTj = 5ij + ie ijk T k . (A.l) 
Dirac matrices in four and five dimensions are given by 

( —\ \ 

= 7i727374- (-4-2) 



( ir 123 \ ( 1 \ / -1 ^ 



71,2,3 = 



74 = 75 = 

V -171,2,3 / I 1 ) \ 1 



Spin matrices in four and five dimensions are given by 

% % 

T a b = [7a, 7b] = -Ipab] (-4-3) 

these satisfy 

[E ab , E cd ] = i (^acSfod — 5adT.bc + 5b d T ac — hc^ad) ■ (AA) 

The generators 

Lab = ~l Van Vb^— {A.5) 

also satisfy the algebra of eq. (A. 4). 
A useful identity in five dimensions is 

1 1 

{Tab, T cd } = - (5 ac 5 b d — $ad$bc) — -jtabcdele (^4-6) 



while in four dimensions, 



{Tab, T cd } — - (5 ac 5bd — badhc) — -tabcdlb {A. 7) 

[T ab , 7c] = i ($aclb ~ hcla) (A.8) 



and 

lalblc = <Wc - &aclb + 5 bc >J a - e a fe C d7a75- (A. 10) 

In three dimensions if 

C 3 = r 2 = -Cj, (All) 

then 

(TiC 3 ) T = (nCs) . (A12) 

In four and five dimensions we take 

C 5 = 7i7s = ~C T = -C- 1 (A 13) 

so that 

(laC 5 ) 7 = ~ ( 7 aC 5 ) . (A14) 

The only symmetric matrices in four dimensions are 

(7a75^s) T = (7a75C 5 ) (A 15) 

and 

(E a& C 4 ) T = (E a& C 5 ) (A 16) 

while in five dimensions the only symmetric matrix is 

(E ab C 5 ) T = (E ab C 5 ) . (A 17) 



The Dirac matrices in six and seven dimensions are given by 
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«7l,2,...,5 | 




fo l\ 




(-1 o\ 


#1,2,. ..,5 - 






96 = 




97 = 


= m---9(> 




V *7l,2,. 


.,5 ) 




v 1 °J 




\ l) 



(A18) 



The independent 8x8 Dirac matrices in seven dimensions are 1, g a , g a ^ and g abc where 

9ab = 777 {9a9b - 9b9a) (A19) 



and 



9abc = 7y {g a gb9c + antisymmetric terms) . (A 20) 



If 

C 7 = 929495 = C 7 T = -Cf 1 (A21) 
then in six and seven dimensions 

(9aC 7 f = - (g a C 7 ) . (A22) 
The symmetric 8x8 matrices in seven dimensions are C 7 and g abc \ 

(9abcC 7 f = (g abc C 7 ) . (A23) 
This implies that in six dimensions, the symmetric 8x8 matrices are C 7 , g a bc and g a b9 7 \ 

(9ab9 7 C 7 f = ( 9 ab9 7 C 7 ) . (A24) 
A useful identity in seven dimensions is 

9mn9pqr = - {.5 mp 5 nq g r + antisymmetric in (mn)(pqr)) (A25) 

— (S mp g nqr + antisymmetric in (mn)(pqr)) 

i 

g ^mnpqrab9ab • 

In six dimensions, we have occasion to use 

9mn9ab9 7 = ~ (S ma S nb - S mb 5 na ) g 7 (A26) 

i$rna9nb $rnb9na $nb9rna $na9rnb) 9l 

i 

~\~ ~^mnabpq9pq 

and 

9mn9pqr = ~ (S mp 5 nq g r + +antisymmetric m(mn)(pqr)) 

— (S mp g nqr + antisymmetric m(mn)(pqr)) 



In eight and nine dimensions, we have the 16 x 16 matrices 
( ig a 

J- a 



(A27) 





f l\ 




f-i o\ 


a=1...7), T 8 = 


[i oj 


, r 9 = 


v 1 J 



-ri...r 8 



(A28) 

The independent 16 x 16 matrices in nine dimensions are 1, T a , T a b, Y abc and T abc d where for 
n = 2,3,4 



V.. a„ = -f (r ai r a2 . . . r Qn + antisymmetric terms) 
n! 



If now 



Cg — rir3r6r7 — c g — c 9 1 

then the symmetric matrices in nine dimensions are Cg and 

(T a C) T = T a C 

(XabcdC) = T abcd C. 

Two useful identities in nine dimensions are 
and 

^mrXabc = ~ (S ma T nbcd + antisymmetric in (mn)(abcd)) 
— (^ma^nb^cd + antisymmetric in (mn)(abcd)) 

The 32 x 32 Dirac matrices in ten and eleven dimensions are 

„r \ / n 1 \ / 



(A29) 
(A30) 

(A31) 
(A32) 

(A33) 



(A34) 



G a 



iT„ 



-*r Q 



(a= 1...9), G 



10 



1 

1 



, and Gii 



V 



-1 
1 



— —%G\ . . . G\o; 



(A35) 

a complete set of 32 x 32 matrices are 1, G a , G ab , G abc , G abcd and G abcde where G ai , . . . a n is 
defined in analogy with r ai . . . a n in eq. (A. 29). 



If now 

Cn = G2G4G5G8G9 = —C^ = C-q 1 (A. 36) 

then it can be shown that 

(G ai . . . a n C n f = (-l) 2 ^ (G ai . . . a n C n ) (A37) 

so that symmetric matrices occur if n — 1, 2, 5. 
Useful eleven dimensional identities are 

G mn G a = — (S ma G n — G na G m ) + G rnna (A. 38) 

G r nnG a b i^ma^nb &rnb$na) (&maG n b &naG m b 

+8 n bG ma — 5 m bG na ) + G mna b {A. 39) 

GmnG abode = - i.5 ma 5 nb G cde + antisymmetric in (mn) (abode)) 
— (8maG n bcde + antisymmetric in (mn)(abcde)) 

~\~~^mnabcdepqrsGpqrs- \A. 40) 



